Abstract. An algebraic interpretation of the q-Meixner polynomials is obtained. It is based on representations of U q (su(1,1)) on q-oscillator states with the polynomials appearing as matrix elements of unitary q-pseudorotation operators. These operators are built from q-exponentials of the U q (su (1,1) ) generators. The orthogonality, recurrence relation, difference equation, and other properties of the q-Mexiner polynomials are systematically obtained in the proposed framework.
Introduction
The purpose of this paper is to introduce an algebraic interpretation of the univariate q-Meixner polynomials. The q-Meixner polynomials, M n (q −x ; b, c; q) are defined as follows [1] M n q −x ; b, c; q = 2 φ 1 q −n , q stands for the q-Pochhammer symbol. These polynomials were introduced by Meixner [2] in 1934 as the ones orthogonal with respect to the negative binomial distribution. Their connection with su(1, 1) is well established (see for instance [3, 4, 5, 6] ). Some 40 years later, Griffiths [7] provided their multivariate generalization, orthogonal with respect to the negative multinomial distribution. A group theoretical interpretation whereby Meixner polynomials in d variables arise as matrix elements of SO(d, 1) representations on oscillator states was given recently [8] and allowed for an elegant characterization of these polynomials. There remains to cast their q-analogs in a similar algebraic setting. We thus wish to initiate for the q-Meixner polynomials a program that has been carried through in part for the q-Krawtchouk polynomials. Of the 4 families of q-Krawtchouk polynomials [1] , two, the related quantum and affine q-Krawtchouk polynomials, have been given algebraic interpretations. At the univariate level, two dual points of view have been offered. On the one hand, Koornwinder obtained in [9] the q-Krawtchouk polynomials as matrix elements of unitary q-irreducible representations of twisted SU q (2) quantum group. See also [10] and [11] . A similar treatment of the q-Meixner polynomials based on the quantum group SU q (1, 1) is given in [11] in addition. On the other hand, Genest, Post, Vinet, Yu and Zhedanov [12] identified these same polynomials as matrix elements of q-exponentials of U q (su(2)) generators on representation bases. The latter approach was subsequently generalized [13] to encompass the multivariate situation and to interpret the q-Krawtchouk polynomials in many variables introduced by Gasper and Rahman [14] .
We shall here focus on the univariate q-Meixner polynomials. This is interesting on its own and essential for a study of the multivariate case. Significant differences with respect to the analysis of the q-Krawtchouk polynomials given in [12] will be observed. An embedding of U q (su(1, 1)) in the direct sum of two q-Weyl algebras associated to a pair of independent q-oscillators will be used and the q-Meixner polynomials will be observed to arise as matrix elements of unitary q-pseudorotation operators built from q-exponentials in the U q (su (1, 1) ) generators realized in terms of q-boson operators. While other treatments of the q-Meixner polynomials can be found elsewhere [11, 15, 16] , we wish to point out that the approach presented here extends itself naturally to the multivariable case. We shall also illustrate its power by using it to obtain a full characterization of the polynomials.
The article is organized as follows. In the first section, a model à la Schwinger of U q (su(1, 1)) in terms of two independent q-oscillators is presented. In Section 2 the unitary operators of interest are introduced. Their matrix elements are then expressed in terms of q-Meixner polynomials in Section 3. Unitarity naturally leads to the orthogonality relations. In Section 4, the q → 1 limits of the unitary operators and of the matrix elements are given. The determination of the backward, forward relations and difference equation is carried out in Section 5. Complementary backward, forward relations and recurrence relation are presented in Section 6. A duality property satisfied by the polynomials leading to new identities is exhibited in Section 7. Generating functions of two types are derived in Section 8. Concluding remarks will be found in Section 9. Basic q-identities that are used throughout the paper have been collected for reference in Appendix A. Appendix B contains the list of the "dual" relations satisfied by the q-Meixner polynomials.
U q (su(1, 1)) and q-oscillators
Consider two uncoupled q-oscillators [17, 18, 19] A and B whose sets of dynamical operators, {A±, A 0 } and {B±, B 0 }, respectively, obey the following relations :
This can be viewed as a two-dimensional system. The subalgebras associated to the q-oscillators A and B admit the semi-infinite irreducible representations given by the following actions on the orthonormal basis vectors |n A 〉, |n B 〉 with n A , n B = 0, 1, 2, . . . : 
They act on the vector space spanned by the basis states |n A 〉 ⊗ |n B 〉 ≡ |n A , n B 〉 of the combined system. It is immediate to check that J 0 , J ± realize the commutation relations of U q (su(1, 1)) :
It will prove practical to use the following notation for the 2 q-oscillator vector states. We shall write
where
It is immediate to see that the orthonormality relation
It is also readily observed that J 0 and J ± preserve the value of β. As a matter of fact, the actions of these operators in the basis |n〉 β read :
(1.8)
One thus sees that J 0 and J ± transform among themselves the vector states |n〉 β with a fixed value of β. An infinite-dimensional representation of U q (su(1, 1)) labelled by β has thus been constructed.
The unitary operator U(θ) and its matrix elements
In this section, a q-analog of the unitary operator representing SU(1, 1) group elements is introduced and its unitarity is demonstrated. Its matrix elements will prove related to q-Meixner polynomials. Operators of that type have also been introduced by Zhedanov [20] .
The unitary operator U(θ)
Consider the following operator U(θ) :
The limit of this operator when q → 1 will be obtained in Section 4 and the result will justify the statement made at the beginning of this section. Let us now show that U(θ) is unitary. In the framework of the previous sections, using Eqs. (1.1) and (B.5), one can obtain the following relations :
and
This leads to
which allows one to write
Remarking that
and using (B.6), one obtains the identity e q (αA − B − )e q − αβq
Similarly, inversing the previous equation, one finds
The fact that (2.1) is a unitary operator (UU † = U † U = 1) can now easily be checked with the help of (2.6) and (2.7).
Matrix elements of U(θ) and q-Meixner polynomials
We now wish to determine the matrix elements of the q-pseudorotation operator U(θ), in the basis formed by the q-oscillator states |x〉 β .
Using the fact that
and the definition (B.2), one finds :
In terms of the variable γ = x − µ, the orthogonality of the basis vectors (1.7) imposes n = x−µ+ν = γ+ν. Further simplifications using various q-Pochhammer identities lead to
Recalling definition (0.1), one arrives at
which entails the interpretation of q-Meixner polynomials as matrix elements of qpseudorotation representations on q-oscillator states (see also [20] ). Note that these matrix elements are real and that in general the formulas derived within the present setting (with b = q β−1 ) extend to the full admissible range of the parameter b (0 < b < 1)
as in [1] .
Orthogonality relations
The unitarity of the operator U(θ) can be used to obtain the orthogonality of the qMeixner polynomials in the following way. Introduce the negative binomial distribution
One can write
Substituting (3.5) and using the reality of the matrix elements, the relation (3.7) translates into the orthogonality relation for the q-Meixner polynomials :
A dual relation can similarly be obtained. One has
Following parallel steps, the following relation is found :
(3.10)
q → 1 limit
It is instructive to obtain the q → 1 limits of U(θ) and its matrix elements. This is done now.
Operator U(θ)
In the limit q → 1, the commutation relations become :
Noting that
the q → 1 limit of (2.1), denoted U(θ), is found to be :
The identities 
Recall the Schwinger realization of su(1, 1) :
Under the change of variable θ = sinh τ, τ ∈ R, (4.7) becomes
where the following disentangling formula for su(1, 1) [21] has been used :
(4.10)
The operator (4.9) is hence identified as representing a (two-dimensional) pseudorotation, thus allowing to say that U(θ) represents a q-pseudorotation in two dimensions.
Matrix elements
For the q-Meixner polynomials one has [1] 
One thus straightforwardly obtains :
Under the change of variable θ = sinh τ, this becomes 13) in keeping with results obtained in [8] on the SU (1, 1) interpretation of the standard univariate Meixner polynomials.
Backward, forward relations and difference relation
The algebraic interpretation of the q-Meixner polynomials that we have provided offers a cogent framework to derive the basic features of those polynomials. We shall focus in this section on the lowering and raising formulas as well as the difference equation. We shall begin by deriving two identities that will prove fundamental in obtaining the desired properties. We wish to show that
First, from the commutation relations (1.1), one finds that
Using (2.6), this leads to
With the help of (B.4), the expression in the square brackets is computed to be
and one thus arrives at (5.1). The Hermitian conjugate of the relation (5.1) also gives another useful identity :
Backward relation
The backward relation is obtained as follows. One has
with the help of (5.1). In terms of matrix elements, one finds
Using the expression (3.5) of ξ
n,x in terms of q-Meixner polynomials and simplifying, one arrives at
which coincides with the relation given in [1] .
Forward relation
One proceeds similarly for the forward relation. Using (5.4), we have
Applying the q-oscillator operators on the right leads to
Using (3.5) and simplifying, the following forward relation for the q-Meixner polynomials is obtained :
which checks with the formulas in [1] .
Difference equation
The difference equation is found by combining the two ladder relations. Indeed, we see that
upon using the identities (5.1) and (5.4) . This leads to the following relation in terms of matrix elements
n,x (θ)
n,x+1 (θ)
Finally, given (3.5), the difference equation of the q-Meixner polynomials is obtained, and is seen to correspond to the one in [1]
Complementary backward, forward relations and recurrence relation
The recurrence relation and complementary ladder relations on the variable are derived by following an approach similar to the one of the last section. In this case, one needs formulas analogous to (5.1) and (5.4) with U(θ) instead of U † (θ) on the left. With the help of (2.7), one finds
Using the q-BCH formula (B.5) and simplifying, the middle term in brackets is found to be equal to
One thus arrives at the following identity
The Hermitian conjugate of (6.2) gives a second one, which is also useful :
Complementary backward relation
A complementary backward relation is now derived as follows. It is seen that
n,x (θ) , (6.4) using (6.2). Applying (3.5), one obtains the desired result
(6.5)
Complementary forward relation
Here one starts from
n,x (θ) , (6.6) where (6.3) has been used. Applying (3.5), one then obtains
Recurrence equation
The recurrence equation is found by combining the two previous relations. Note that
This leads to the following relation for the matrix elements 8) and calling upon (3.5), the recurrence relation [1] is finally obtained :
Duality
The following relation expresses the property of the q-Meixner polynomials under an exchange of the degree and the variable :
In terms of matrix elements, this amounts to
Using this duality property, other relations can be derived in a simple way. For example, starting from the recurrence relation (6.9) and applying the above relation, one obtains
Exchanging x ↔ n and then taking θ 2 → θ 2 q x−n , one gets
Note that this relation is not exactly the difference equation (5.13) because the parameters θ 2 are affected by a factor q in some of the polynomials.
The same process can be applied to the other relations that were derived to obtain new relations, but again these relations will have their parameters θ 2 modified by some factors of q, which means that those relations will differ from the usual ones. A list of these "dual" relations is included in Appendix A.
Generating functions
Two generating functions are now obtained from the algebraic picture : one with respect to the degrees and the other with respect to the variables.
Generating function with respect to the degrees
A useful identity that is proved from (2.6) is the following
Now introduce the operator
and let
The generating function will be arrived at by obtaining two expressions for F 1 . Acting first with V (θ, t) on the left leads to
This corresponds to a sum of q-Meixner polynomials. Indeed, using (3.5), we obtain
The other way to express F 1 is to use (8.1) to write
which then leads to
Expanding the q-exponentials and recalling the orthogonality of the basis vectors, one obtains
Performing the change of variable z = θt and equating the RHS of (8.4) and (8.7) yield the following generating function with respect to the degrees :
This generating function seems new to the best of our knowledge; it is also valid in general when q β−1 is replaced by b for (0 < b < 1).
Generating function with respect to the variables
A generating function where the sum is over the variables is obtained in a fashion similar to what was done in the last subsection. Introduce
and let F 2 = β 〈n|U(θ)W(θ, t) |0〉 β . From the definition of the q-exponentials (B.2), one has
In view of (3.5), one obtains
Meanwhile, using (8.1) we obtain
Then,
Expanding the q-exponentials and using the orthogonality of the basis vectors lead to 
Conclusion
Summing up, we have provided an interpretation of the univariate q-Meixner polynomials where they arise as matrix elements of unitary q-pseudorotation representations on q-oscillator states. The unitarity of the representations was observed to imply the orthogonality relations for the polynomials and the structure relations were given a useful algebraic underpinning. A duality property has been presented and observed to lead to a new set of relations for the polynomials. Generating functions of two different types were obtained in this U q (su(1, 1)) framework. Now that this understanding of the univariate q-Meixner polynomials has been elaborated, it should be possible to develop an algebraic interpretation of the multivariate q-Meixner polynomials, similar to what was done for the multivariate q-Krawtchouk polynomials [13] . It is expected that the d-dimensional q-Meixner polynomials will appear as matrix elements of unitary (d + 1)-dimensional qpseudorotation representations on (d +1) q-oscillator states. The authors plan to report on this matter in future work.
They tend to the usual coefficients when q → 1.
The little q-exponential, e q (z), and the big q-exponential, E q (z), are defined by e q (z) for |z| < 1. It is straightforward to see that e q (z)E q (−z) = 1. From (B.2), one easily derives the following relations :
e q (λq n ) = e q (λ)(λ; q) n , e q (λq −n ) = e q (λ) (λq −n ; q) n , E q (λq n ) = E q (λ) (−λ; q) n , E q (λq −n ) = E q (λ)(−λq −n ; q) n .
(B.
3)
The Baker-Campbell-Hausdorff formula admits two q-extensions [22, 23] . The first one is 
